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The manipulation of many-body systems often involves time-dependent forces that cause un-
wanted heating. One strategy to suppress heating is to use time-periodic (Floquet) forces with large
frequencies. In particular, for quantum spin systems with bounded spectra, it was shown rigor-
ously that the heating rate is exponentially small in the driving frequency. Recently, an exponential
suppression of heating has also been observed in an experiment with ultracold atoms, realizing a
periodically driven Bose-Hubbard model. This model has an unbounded spectrum and, hence, is
beyond the reach of previous theoretical approaches. Here, we develop a semiclassical description
of Floquet prethermal states and link the suppressed heating rate to the low probability of finding
many particles on a single site. By performing a controlled high-temperature expansion, we show
analytically that the heating rate depends exponentially on the driving frequency and is inversely
proportional to the instantaneous temperature of the prethermal state. Our work demonstrates the
relevance of statistical arguments to Floquet perthermalization of interacting many-body quantum
systems.
The study of periodically driven systems has a long
history, tracing back to the work of Floquet in 1883 [1].
In the Floquet theory, the system is described by a time-
independent unitary matrix, UF , which captures the evo-
lution over one period τ . Floquet theory can be used to
solve classical systems only if they are governed by lin-
ear equations of motion. Remarkably, because the time
evolution of quantum systems is determined by a linear
equation (namely, the Schro¨edinger equation), this the-
ory can be used to study any quantum system, even in
the presence of interactions. The practical applicabil-
ity of Floquet theory is hindered by the fact that find-
ing UF , and diagonalizing it, is generically very difficult.
This difficulty is especially acute for many-body quan-
tum systems, where the size of UF grows exponentially
with the number of degrees of freedom. At large driving
frequencies, UF can be derived using a controlled ap-
proximation, the Magnus expansion [2]. The first term
of this expansion is UF ≈ e−iHavτ , where Hav is the time-
averaged Hamiltonian. The other terms are integrals of
commutation relations [27].
Using the Magnus expansion, Refs. [3–7] were able to
obtain rigorous constraints on the time evolution of peri-
odically driven quantum many-body systems. These rig-
orous theorems apply to quantum spin systems satisfying
a local norm bound, requiring that the Hamiltonian con-
sists of a sum of local operators whose matrix elements
are smaller than a given energy scale J . For these sys-
tems, the heating rate, Φ, was shown to be exponential
suppressed at large driving frequencies Ω = 2pi/τ , ac-
cording to
Φ <
AJ
~
exp
(
− ~Ω
BJ
)
, (1)
where ~ is the Plank’s constant, A and B are unitless con-
stant. This exponential suppression was observed theo-
retically in a wide range of theoretical models [8–11] and
in an experiment with dipolar spin chains [12].
The rigorous bound of Eq. (1) was, first, derived us-
ing a perturbative argument [3]: Due to the local norm
bound, a single application of the driving field can change
the energy of the system by J , at most. On the other
hand, the absorption of a quantum of energy from the
pump involves a jump in energy of ~Ω. Hence, the ab-
sorption of energy requires the product of n = ~Ω/J
operators and is governed by the nth order perturbation
theory. Refs. [4–7] used the Magnus expansion to extend
this argument and demonstrate that Eq. (1) is a rigor-
ous bound, valid to all orders. Interestingly, in the limit
of ~ → 0, this bound applies to classical systems with a
bounded spectrum [13, 14].
Many physical systems escape the regime of validity
of the aforementioned rigorous bounds. For example,
a massive particle with momentum p has a kinetic en-
ergy p2/2m that is unbounded from above. Ref. [15]
demonstrated that systems of interacting particles can,
nevertheless, show an exponential suppression of heat-
ing. They considered a canonical model of coupled kicked
rotors [16–19] and showed that, for appropriate initial
conditions, the system shows an exponentially long-lived
prethermal plateau with vanishing energy absorption.
The exponential suppression of heating in systems with
an unbounded spectrum was explained in Ref. [20] using
the following statistical argument: At large driving fre-
quencies, the heating rate is small and the total energy
of the system is (quasi) conserved. In this case, the sys-
tem can be approximated by the Boltzmann distribution
function
P = Z exp
(
−Hav
kBT
)
, (2)
where Z is the partition function, kB is the Boltzmann
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2constant, and T is the instantaneous temperature of the
prethermal state, measured with respect to the average
Hamiltonian. In the presence of other conserved quanti-
ties, such as the total momentum (or the total number
of particles), the appropriate Lagrange multipliers need
to be taken into account. The heating rate can, then,
be estimated by the probability to incur into a many-
body resonance [21]. Under physical assumptions, this
probability is exponentially small, leading to a statistical
Floquet prethermalization [20].
Having introduced the concepts of rigorous and sta-
tistical Floquet prethermalization, we now move to the
focus of this manuscript, namely the periodically driven
Bose-Hubbard model, described by
H(t) =
U
2
∑
i
n2i + J(t)
∑
〈i,j〉
(
b†i bj +H.c
)
, (3)
with J(t) = J0 + δJ cos(Ωt). Here, bi and b
†
i are canon-
ical bosonic operators, ni = b
†
i bi is the number of par-
ticles on site i and 〈i, j〉 are nearest neighbors. The
U term describes an onsite repulsion and the J term is
a time-dependent hopping. Importantly, the U term is
unbounded from above, making the rigorous bounds of
Ref. [3–7] unapplicable. For later reference, we note that
the Hamiltonian of Eq. (3) conserves the total number
of particles in the system, N =
∑
i ni. This model was
recently realized in an experiment with ultracold atoms,
where the time-dependent drive was induced by modula-
tions of the laser fields that generates the optical lattice
[22] [28].
Floquet prethermalization in the Bose-Hubbard model
had been studied theoretically in Ref. [23] using a self-
consistent quadratic approximation. This work employed
the concept of many-body parametric resonance [24] to
predict the existence of a frequency threshold above
which the system does not absorb energy. However, in
practice, terms that are neglected in the quadratic ap-
proximation lead to finite heating rates at all frequen-
cies. Ref. [3] predicted that this heating rate should be
rigorously bounded by a stretched exponential [29]. In
the limit of an infinite number of paritcles per site, the
model can be mapped to a system of classical rotors of
Refs. [15, 20], where the heating rate is exponential sup-
pressed.
Recently, the behavior of the model for one particle
per site was studied by Ref. [22] using three methods: (i)
the numerical simulation of N = 9 particles on a chain
of M = 9 sites; (ii) the experimental measurement of
single-site excitations (doublons or holes); (iii) the exper-
imental measurement of the system’s temperature. The
experiments were performed both in one and two dimen-
sions, but were limited to relatively short times. All three
methods demonstrated that the heating rate is exponen-
tially suppressed as a function of Ω, at a fixed J/U . As
explained, this finding cannot be accounted by the avail-
able theoretical methods.
In this manuscript, we show that the observed expo-
nential suppression of heating can be explained in the
framework of statistical Floquet prethermalization. Fol-
lowing Ref. [20], we, first, identify the many-body reso-
nances of the model. In a semiclassical description, the
periodic drive moves one particle from one site to a neigh-
boring one. This process changes the value of the on-site
interaction by
∆E =
U
2
[
(ni ± 1)2 + (nj ∓ 1)2
]− U
2
[
(ni)
2 + (nj)
2
]
= U [±(ni − nj) + 1], (4)
where the upper (or lower) sign refers to a particle hop-
ping from site j to site i (or vice versa). A resonance
occurs when Eq. (4) equals to an integer multiple of the
frequency of the drive (in units of Schro¨dinger’s equation
constant ~), or ∆E = m~Ω, where m is an integer. For
high-frequency drives, the heating rate is dominated by
the lowest-order available resonance, which here corre-
sponds to m = ±1. In what follows, we focus on the case
where nΩ = ~Ω/U is integer and the resonance condition
can be exactly matched. Without loss of generality, we
assume that ni > nj , such that when a particles moves
from j to i (or vice versa) the interaction energy increase
(decreases). The resonance condition ∆E = ±~Ω be-
comes ±(ni − nj) + 1 = ±nΩ, or equivalently
nj = ni − nΩ ± 1. (5)
Here, the upper (or lower) sign refers to the absorption
(or emission) of energy. Intuitively, at large driving fre-
quencies (nΩ  1), the resonance condition of Eq. (5)
can be satisfied only by sites with a large number of par-
ticles (ni ≥ nΩ  1). Because the probability to find
these sites is exponentially small, so is the probability to
absorb a photon from the cavity, leading to suppressed
heating rates. The goal of this manuscript is to put this
intuitive argument on solid mathematical ground.
The probability to satisfy the resonance condition of
Eq. (5) is determined by Pi,j(ni, nj), the joint distribu-
tion function to find ni and nj particles in sites i and j,
according to
P± =
∑
n
Pi,j (n, n− nΩ ± 1) . (6)
The heating rate is proportional to the difference between
P+ and P−, times the pump rate Ω/2pi,
Φ =
Ω
pi
(P+ − P−) (7)
Here, we multiplied the final result by a factor of 2 to
take into account the case of ni < nj . In a d dimen-
sional lattice, we need to further multiply the result by
the coordination number d.
3Evaluating the distribution function Pi,j(ni, nj) in a
(pre)thermal state described by Eq. (2) is a formidable
task in many-body quantum physics. Nevertheless, this
task can be performed in some important limiting cases.
A high-temperatures, for T  J , we can neglect quantum
fluctuations and describe the prethermal state by
Pi,j(ni, nj) = Pi(ni)Pj(nj), (8)
with
Pi(n) = Pj(n) = Z0 exp
(
− U
2kBT
n2 − µ
kBT
n
)
. (9)
Here, in addition to the quasi-conservation of the en-
ergy in the prethermal state, we took into considera-
tion the conservation of the total number of particles,
through the chemical potential µ. The values of Z0 and
µ are determined by the constraints
∑
n Zi(n) = 1 and∑
n nZi(n) = n¯, where n¯ is the average number of par-
ticles per site (often referred to as filling). These con-
straints, along with Eqs. (6)-(9) enable us to estimate the
heating rate Φ. The numerical evaluation of this function
is shown in Fig. 1, for different values of the temperature,
in units of U/~. The script used to generate this figure is
reproduced in Appendix A. The lower panel shows that
the heating rate is exponentially suppressed for all tem-
peratures.
To gain physical insight into this effect, we now develop
a analytical high-temperature expansion. In the limit of
T →∞, the distribution function is solely determined by
the conservation laws and
Pi(n) = Z0 exp
(
− µn
kBT
)
≡ Z0zn (10)
with Z0 = 1 − z and z = n¯/(1 + n¯) [30]. By combining
Eqs. (6) and (10), we obtain
P+ = (1− z)2
∞∑
n=nΩ
z2n−nΩ+1 =
1− z
1 + z
z~Ω/U+1 (11)
P− = (1− z)2
∞∑
n=nΩ+1
z2n−nΩ−1 =
1− z
1 + z
z~Ω/U+1. (12)
Note that the two sums have different lower limits be-
cause P+ can occur only if nj ≥ 1, while P− requires
only nj ≥ 0. Because P+ = P− the net energy absorp-
tion is zero, Φ = 0. This result is not surprising: infinite
temperature ensembles do not absorb energy!
We can use this result as the starting point of a per-
turbative analysis. By approximating Eq. (9) as P ≈
Z0
(
1− Un2/(2kBT )
)
e−µn [31] we obtain
P± = Z20
∑
ni−nj=nΩ±1
[
1− U
2kBT
(n2i + n
2
j )
]
zniznj ,
(13)
0 5 10 15 20
0
0.02
0.04
0.06
0.08
kB T/U = 256
kB T/U = 64
kB T/U = 16
kB T/U = 4
kB T/U = 1
Eq. (13)
0 5 10 15 20
10-6
10-5
10-4
10-3
10-2
10-1
FIG. 1: Heating rate of the Bose-Hubbard model at
filling n¯ = 1. Continuous curves: numerical evaluation of
Eqs. (6- (9). Dashed curve: analytical expression obtained
from a high-temperature expansion, Eq. (15). The upper and
lower panels show the same curves on linear and semi-log
scales, respectively. The heating rate is exponentially small
at large driving frequencies and, at large temperatures T , in-
versely proportional to T .
leading to (see appendix B)
P+ − P− = ~Ω
kBT
1− z
1 + z
zΩ/(~U)+1. (14)
In particular, at unit filling n¯ = 1 (z = 1/2), we obtain
Φ =
~Ω2
6pikBT
exp
(
− log(2)~Ω
U
)
. (15)
This equation synthesizes our two main results: the heat-
ing rate Φ is an exponential function of the ratio between
the driving frequency and the onsite interaction and is
inversely proportional to the temperature.
At low temperatures, we can estimate Pi,j(ni, nj) using
known approximations of the ground state of the Bose-
Hubbard model. In particular, if J  U and n¯ is an
integer, the ground state corresponds to an ideal Mott
insulator with a well defined number of particles per site.
Finding n extra particles in one site involves the nth
order perturbation theory and is, hence, exponentially
suppressed as (J/U)n. In the opposite limit, U  J , the
ground state is well approximated by a coherent state,
where Pi(n) = e
−n¯|n¯|n/n!. At large n n¯, this function
decreases exponentially. In both limits, the probability
4to find a site with n > nΩ  1 particles is exponentially
small and leads to an exponentially small heating rate.
To summarize, in this manuscript we reviewed the
concepts of rigorous [3–7] and statistical [20] Floquet
prethermalization. The former relies on the bounded-
ness of quantum operators and applies to spin models
only. The latter relies on the statistical description of the
prethermal state and applies to a wider range of models.
See also Ref. [25], where it was shown that the rigorous
approach applied to systems of interacting particles with
an unbounded spectrum does not lead to exponential
bounds on diffusion rates. A key difference between these
two approaches is that, while the rigorous approach is
independent on the initial state, the statistical approach
depends on the initial state, through its (quasi)conserved
quantities, such as energy and particles’ number.
Here, we applied the statistical argument to the peri-
odically driven Bose-Hubbard model, which was recently
realized experimentally [22]. We derived an analytical
expression for the heating rate, Eq. (15, valid at large
temperatures. We found that the exponential suppres-
sion of the heating persists at all temperatures. In this
aspect, the Bose-Hubbard model differs from the many-
body kicked rotor model of Refs. [15–20], where the expo-
nential suppression of heating disappears at large temper-
atures, eventually leading to a runaway from the prether-
mal regime. This difference originates from the nature of
the conserved quantities of the two models. In the ro-
tor model the momentum of the rotors, pi, is a continu-
ous variable and can acquire both positive and negative
values. The fluctuations of pi diverge at large temper-
atures, making the exponential suppression of heating
ineffective. In contrast, in the Bose-Hubbard model, the
conserved quantity, namely the particles’ number ni, is
non-negative. If the expectation value of ni is fixed, the
fluctuations of this quantity are finite and the heating
rate is suppressed at all temperatures.
Our result is based on the key observation that the
probability to find a large number of particles per site
is exponentially suppressed, even in the thermodynamic
limit. We demonstrated that this assumption is valid
in some important limits, namely at large temperatures
and at low temperatures for J  U (Mott insulator)
and J  U (superfluid). In the intermediate regime,
for J ∼ U , the Bose-Hubbard model undergoes a zero-
temperature quantum phase transition. At the quantum
critical point, the distribution function is described by
a power-law, and the exponential suppression may not
persist. This expectation is consistent with the results
of Ref. [22], where it was shown that in the initial tran-
sient, the heating rate is maximal at intermediate values
of J/U .
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Appendix
A. Matlab script used to plot Fig. 1
1 c l o s e a l l ; c l e a r a l l
2 syms n ; syms U; syms mu
3
4 %Temperature i s s e t to one
5 H = U∗nˆ2/2 + mu∗n
6 myUs=logspace (− l og10 (256) , 0 , 5 )
7
8 Nmax=40;
9
10 f o r u=1: l ength (myUs)
11 myU=myUs(u)
12 Z = @(mymu) sum( double ( subs ( exp(−subs ( subs (H,U,myU) ,mu,mymu) ) ,n , 0 : Nmax) ) ) ;
13 avn = @(mymu) sum( double ( subs (n∗exp(−subs ( subs (H,U,myU) ,mu,mymu) ) ,n , 0 : Nmax) ) ) ;
14 avn2 = @(mymu) sum( double ( subs (nˆ2∗ exp(−subs ( subs (H,U,myU) ,mu,mymu) ) ,n , 0 : Nmax) ) )
;
15 eqn = @(mymu) avn (mymu) /Z(mymu)−1;
16
17 mymu = f z e r o ( eqn , 1 )
18 myavn2(u)= avn2 (mymu) /Z(mymu)
19 P=exp(−subs ( subs (H,U,myU) ,mu,mymu) ) ;
20
21 f i g u r e (2 )
22 semi logy ( subs (P, n , 0 : Nmax) ) ;
23 hold on
24 mylegend{u}=[ ’ k B T/U = ’ , num2str (1/myU) ] ;
25
26 a l lP=double ( subs ( exp(−subs ( subs (H,U,myU) ,mu,mymu) ) ,n , 0 : Nmax) ) /Z(mymu) ;
27 PP=ze ro s (1 ,Nmax/2) ;
28
29 f o r nOmega=1:(Nmax/2)
630 nn=nOmega :Nmax;
31 Pplus=sum( a l lP (1+nn) .∗ a l lP (1+nn−nOmega+1) ) ;
32 %add 1 because the f i r s t item o f a l lP corresponds to n=0;
33 nn=(nOmega+1) :Nmax;
34 Pminus=sum( a l lP (1+nn) .∗ a l lP (1+nn−nOmega−1) ) ;
35 PP(nOmega) =2∗(Pplus−Pminus ) ;
36 end
37
38 f i g u r e (3 )
39 sp{1}= subplot ( 2 , 1 , 1 ) ;
40 p lo t ( [ 0 , 1 : (Nmax/2) ] , [ 0 ,PP/myU. ∗ ( 1 :Nmax/2) /2/ p i ] , ’ l i n ew id th ’ , 2 . 0 , ’ marker ’ , ’ . ’ , ’
markers i ze ’ , 1 5 . 0 )
41 hold on ;
42 sp{2}= subplot ( 2 , 1 , 2 ) ;
43 semi logy ( [ 0 , 1 : (Nmax/2) ] , [ 0 ,PP/myU. ∗ ( 1 :Nmax/2) /2/ p i ] , ’ l i n ew id th ’ , 2 . 0 , ’ marker ’ , ’ . ’
, ’ markers i ze ’ , 1 5 . 0 )
44 hold on ;
45 end
46
47 f o r a=1:2
48 subplot ( sp{a })
49 nn=0:(Nmax/2) ;
50 p lo t (nn , nn . ˆ 2 . ∗ exp(− l og (2 ) ∗nn) /2/ p i /3 , ’ k−− ’ , ’ l i n ew id th ’ , 2 . 0 , ’ marker ’ , ’ . ’ , ’
markers i ze ’ , 1 5 . 0 ) ;
51 mylegend{u+1}= ’Eq . (13) ’
52 x l a b e l ( ’ $\Omega˜˜ [U/\hbar ] $ ’ , ’ I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
53 y l a b e l ( ’ $\Phi k B T˜˜ [Uˆ2/\hbar ] $ ’ , ’ I n t e r p r e t e r ’ , ’ l a t e x ’ ) ;
54 xlim ( [ 0 , 2 0 ] ) ;
55 s e t ( gca , ’ fontname ’ , ’ t imes ’ ) ;
56 s e t ( gca , ’ f o n t s i z e ’ , 12) ;
57 s e t ( gca , ’ x t i c k ’ , [ 0 : 5 : 2 0 ] ) ;
58 end
59
60 subplot ( sp {1})
61 l egend ( mylegend , ’ l o c a t i o n ’ , ’ nor theas t ’ , ’ box ’ , ’ o f f ’ , ’ f o n t s i z e ’ , 12)
62
63 subplot ( sp {2})
64 ylim ( [ 1E−6 ,0 . 1 ] ) ;
65 s e t ( gca , ’ y t i c k ’ ,10.ˆ(−6:−1) ) ;
66
67 s e t ( gcf , ’ c o l o r ’ , ’ white ’ ) ;
68 s e t ( gcf , ’ p o s i t i o n ’ , [ 100 100 500 6 0 0 ] ) ;
69 saveas ( gcf , ’ numerics . eps ’ , ’ epsc ’ )
B. Matlab symbolic script used to derive Eqs. (11), (12), and (14)
1 syms a ; syms n ; syms nOmega
2 assume ( a>0 & a<1)
3
4 symsum( aˆn , n , 0 , I n f )
5 s i m p l i f y ((1−a ) ˆ2∗symsum( a ˆ(2∗n−nOmega+1) ,n , nOmega , I n f ) )
6 s i m p l i f y ((1−a ) ˆ2∗symsum( a ˆ(2∗n−nOmega−1) ,n , nOmega+1, I n f ) )
7 Pplus=(1−a ) ˆ2∗symsum ( ( nˆ2+(n−nOmega+1)ˆ2) ∗a ˆ(2∗n−nOmega+1) ,n , nOmega , I n f )
8 Pminus=(1−a ) ˆ2∗symsum ( ( nˆ2+(n−nOmega−1)ˆ2) ∗a ˆ(2∗n−nOmega−1) ,n , nOmega+1, I n f )
9 s i m p l i f y ( Pplus−Pminus )
